Boolean algebra operations such as AND or XOR are performed on optical bits encoded as amplitude modulations in two wave fronts that are made interact in a crystal (␤-BaB 2 O 4 ) endowed with second-order nonlinearity. If the corresponding wave fields are at the same frequency and the crystal is tuned for the phase-matched generation of 2, we show that the generated wave front reconstructs a holographic image containing the outputs of the desired operations. Since a nearly diffraction-limited optical resolution can be easily achieved in the holographic image at 2, a correspondingly high density of data is encodeable in the wave front at playing the role of object wave front. The experiments demonstrate the feasibility of the operation of a parallel half-adder performing the sum of multiple data with a one-digit binary number, which is encoded in the reference wave front.
I. INTRODUCTION
Holographic methods of wave front reconstruction and transformation, which were discovered more than 50 yr ago, 1 are widely used nowadays in different fields of science and technology. At the early stage of their applications, holograms were recorded on conventional photographic plates, so that the image reconstruction was necessarily a slow procedure. For this reason, fields in which the high space resolution typical of holography would have been undoubtedly beneficial were untouched by holography for years. Only after the 1970s, when dynamic holograms were developed, 2, 3 did high-speed processing of the wave fronts become a property of holography. It was then employed in applications such as ''real-time'' image processing, optical computing, as well as optical mass storage. In recent years these applications have stimulated research on materials with dynamic holographic capabilities which is useful for increasing the degree of parallelism in manipulating optical data. Among these materials, we mention photorefractive crystals with improved gain, speed, and sensitivity, 4 polymer liquid crystals containing photoisomerizeable moieties, 5 and other dyedoped or pure nematic liquid crystals. 6 Moreover multiplexing techniques which are also useful in increasing storage capacity, have been devised, such as holographic polarization multiplexing in polyesters containing cyanobenzene units 7 and suitable exposure schedules in saturable photopolymer hologram recording films. 8 Here we present a dynamic holographic technique endowed with both high spatial and temporal bandwidths and discuss its possible application to optical computing. Recently, some of us suggested a substantially new method of wave front transformation that permits us to manipulate wave fronts without time delay. [9] [10] [11] This method is based on the second-harmonic cross correlation ͑SHCC͒ in a nonlinear crystal of the wave front to be transformed with a wave front at the same frequency that is not modified during the interaction ͑reference wave front͒. The method itself does not permit us to store information on the transformed wave front and furthermore the transformed wave field is formed by radiation whose wavelength is two times smaller than the wavelength of the radiation that interacts with the nonlinear material. However, we demonstrated that our method transforms optical wave fields in the same way as a suitably reconstructed conventional hologram would. [12] [13] [14] [15] The method produces what we call second-harmonic generated ͑SHG͒ holograms and is endowed with a time response as short as the duration of the laser pulse used to generate the object and reference wave fronts. We already suggested that a transformation of this kind can be used for encoding and decoding signals, for switching on and off interconnections of computers and communication lines, and so on. 15 Here we show that SHG holography can be used to implement a parallel half adder performing the sum of multiple data encoded as amplitude modulation in the object wave front with a one-digit binary number encoded in the reference wave front.
II. EXPERIMENT
We demonstrate the feasibility of binary gates performing Boolean algebra operations such as AND and XOR by a͒ Author to whom correspondence should be addressed; electronic mail: potenza@uninsubria.it simply exploiting the second-order nonlinearity of a ␤-BaB 2 O 4 ͑BBO͒ crystal in a suitable optical setup producing SHG holograms. In the experiments described in this article the two gate inputs, A and B , are carried by two different laser beams at frequency , which propagate noncollinearly, and the output is carried by the beam at 2 generated by SHCC of the input-beam fields. The input binary data are encoded as amplitude modulations of the two wave fronts at . The amplitude modulation is obtained by inserting a mask into the beam path: opaque and transparent squared pixels of the mask represent the low and high values of the inputs, respectively. As an obvious result of the SHCC, we can anticipate that the amplitude modulation of the wave front at 2 encodes the output of an AND gate operating on the two inputs.
We performed the experiments described here by using the apparatus sketched in Fig. 1 , which is similar to the one we used for making SHG holograms of real one-, two-, and three-dimensional ͑3D͒ objects. [12] [13] [14] [15] The output of a Q-switched amplified Nd:YAG laser ͑mod. Quanta-Ray GCR-4, Spectra-Physics Inc., Mountain View, CA͒ was split into two beams, one 10% of the other in energy. The less powerful ͑o͒ was used to illuminate the object mask O, in which one of the two input data was encoded. Before illuminating the mask, the o-beam was passed through a diffuser ͑S͒ to randomize its wave front 13, 14 and to scatter it over an angle of 50 mrad. This ensured that the entire crystal cross section received light propagating from all points of the mask O. The other beam ͑r͒ used as the reference was spatially filtered to obtain a plane wave and enlarged up to the dimensions of the BBO crystal cross section ͑7ϫ7 mm 2 ͒. The crystal thickness was 0.6 mm. The energy of the pulses ͑18 ns duration at 10 Hz repetition rate, ϭ1.064 m͒ was about 100 mJ at the crystal surface in either of the two beams. The o and the r beams were sent to the crystal at an angle ␣Ӎ74 mrad to each other and the BBO crystal was then tuned for noncollinear SHCC in type I phase matching. The energy conversion efficiency was ϳ1.5%. The noncollinear phase matching geometry was chosen not only for the ease in separating the two wave fronts at and that at 2 in space, but also because it allows the highest temporal bandwidth of the SHCC process. 16 In particular, for BBO operated in type I phase matching, we reported efficient conversion to second harmonics of near IR pulses with duration as short as ϳ10 fs. 17 Here we decided to work at low peak intensities ͑on the order of 10 MW/cm 2 at the crystal surface in either of the two beams͒ and hence adopted a low-peak power Ng:NAG source emitting long pulses. However, with a BBO crystal of 0.6 mm thickness such as that used in our experiment a bandwidth of 1-10 THz is expected.
In previous works [12] [13] [14] [15] in which the r-beam wave front was not modulated in amplitude we demonstrated that the wave front generated at 2 by SHCC reconstructs a holographic image of the object that had imprinted the amplitude ͑and phase͒ modulation onto the o-beam. This SHG holographic image is a virtual image ͑OЈ in Fig. 1͒ of the same transversal size as that of the object mask O and is located along the bisector of the angle ␣. Its distance from the BBO crystal is twice the distance at which the object O is located. As shown in Fig. 1 , the SHG holographic virtual image OЈ is converted into a real image OЉ by a 1:1 magnification singlelens system (L 5 ) and displayed by a charge coupled device ͑CCD͒ camera ͑Pulnix Europe, model PE2015, Basingstoke, UK͒.
The object mask O is constituted by a transparency on which arrays of squares ͑ϳ0.3ϫ0.3 mm 2 ͒ are photocopied and the high and low logical levels of input A are encoded as transparent and opaque squared pixels, respectively ͓see Fig.  2͑a͒ for a 16-bit input A͔. If the reference wave constitutes the second input B, carrying either of the two values high and low, the image reconstructed by the SHG hologram of the object obviously exhibits the amplitude modulation corresponding to the output of an AND gate operating on the inputs encoded in the o-and the r-beam wave fronts. That is, when the r beam is blanked ͑low input B͒ no SHG image of the object mask O is detectable. On the contrary, when the r-beam mask is transparent ͑high input B͒, a SHG image of the object mask O is detectable along the bisector of the angle ␣ such as that displayed in Fig. 2͑b͒ . The focused image OЉ was actually found when the CCD sensor plane was 210 mm far from the imaging lens ͑L 5 in Fig. 1͒ which is in good accordance with calculations ͑65ϫ2ϩ88ϭ218, see Fig. 1͒ .
The previous measurement shows that an AND gate operating on optical bits can be easily implemented by exploiting the SHCC. The implementation of an OR gate is even more straightforward because its output is represented by the simple spatial superimposition of the optical input data. On the contrary, realizing a NOT gate is not an obvious task in the manipulation of optical bits by any all-optical method. We circumvented this difficulty by making use of the high space resolution in the SHG images obtained with our method. 12, 15 As a rule, together with inputs A and B, we decided to also encode the complements of inputs A and B ͑i.e., Ā and B ͒ in the masks to be inserted into the o-and the r-beam pathways. This was done in the perspective of obtaining four SHG holograms encoding the four outputs A•B, Ā •B, A•B , and Ā •B in parallel from our single BBO crystal. We used two different approaches to achieve such a result. In the first approach, the masks for the o and the r beams were prepared according to Fig. 3 . In the object mask O, the region occupied by the pixels encoding Ā was vertically displaced with respect to the region in which A was encoded ͓upper left region in Fig. 3͑a͔͒ . In the reference mask, the regions in which B and B were encoded were laterally displaced. These sequences of pixels, within the regions marked by dotted lines in Fig. 3 , were then duplicated as shown in the figure.
The key point of the experiment was the method we devised to obtain four holograms independent of each other from a BBO crystal of limited size. To describe the method we start by observing that the r beam simply projects the modulating mask depicted in Fig. 3͑b͒ onto the crystal surface. Since we need a plane wave as the reference field, in order to prevent diffraction the mask modulating the r beam contained only four pixels thus encoding a single one-digit binary number as input B. Due to the fact that the field generated at 2 by SHCC reconstructs a holographic image, diffraction does not bring about similar limitations to the density of pixels on the object mask O. As to the propagation of the o beam, in order to obtain the correct logical results, we must simply ensure that inputs A and Ā undergo SHCC in the desired parts of the BBO cross section. To this aim a diaphragm ͑D in Fig. 1͒ was inserted after the diffuser S to limit the divergence of the object-illuminating light so that each point-like source at the object plane illuminated a crystal region of ϳ2 mm in diameter. In this situation different parts of the BBO crystal cross section perform SHCC of the homologous regions of the two masks in Fig. 3 Note that the input A data are the same as in Fig. 2͑b͒ and that they are encoded in the object mask O of Fig. 4͑c͒ according to the procedure illustrated above ͓see Fig. 3͑a͔͒ .
As an alternative approach we adopted a simpler procedure to encode the input A data and prepared an object mask O containing only the two regions on the right-hand side of the mask shown in Fig. 3͑a͒ . The left-hand part of the mask support ͑a transparency͒ was left transparent and a suitable real image of the bits printed on the right-hand regions was formed at the correct position onto the transparency by the 2-f optical system shown in Fig. 5 . The system, which was tested in the simple case of a single-digit binary input A, makes use of the fact that, thanks to diaphragm D, each point source in the object mask O illuminates only about one quarter of the BBO cross section. The optical system is constituted by two totally reflecting plane mirrors (M 3 and M 4 ) and a lens (L 6 ) in which the wave front modulated by the half mask O travels twice. It is designed to form the real image of the object half mask pixels ͓ϳ1ϫ1 mm 2 , see Fig.  6͑a͒ , left part͔ close to the region in which the pixels are printed ͓see Fig. 6͑a͒ , right part͔. It thus provides a nearly 1:1 replica of the wave front that impinges onto the BBO from the same side of the wave front modulated by the ͑half͒ mask. The SHG holograms obtained by this procedure are shown in Fig. 6͑b͒ for input B high and in Fig. 6͑c͒ for input B low. The reconstructed images are of a quality rather similar to that of the SHG images shown elsewhere 18 that were obtained with masks prepared according to the previous procedure. Of course, the image of the pixels formed by the system in Fig. 5 onto the mask support, which is drawn in gray in Fig. 6͑a͒ , is reversed in vertical. Thus the o-beam modulation at the crystal results is identical to the one obtained with the mask in Fig. 3͑a͒ , which fully encodes input A. For the same reason, the spatial modulations recorded in panels ͑b͒ and ͑c͒ of Fig. 6 contain the outputs of AND gates operating on the homologous input bits as above.
At this developmental stage, we can conclude that the optical system in However these gates can operate only on couples of onedigit binary inputs due to the reversal, both vertical and horizontal, in the image formation of the nonencoded pixels that the system produces.
In the aim of exploiting the high space resolution inherent to the technique of SHG holography, 12, 13, 15 we rather rely on the approach in which we used object masks O such as those in Fig. 3 with which the holograms shown in Fig. 4 were obtained. First we note that superimposing in space the two regions in the lower part of one holographic image would give A•B ϩB•Ā , that is the output of the XOR gate operating on inputs A and B. Note that the chosen strategy for the preparation of the input masks allows the outputs needed for the XOR to be horizontally aligned, and thus easy to be superimposed in space. The holograms thus provide all the outputs needed to realize a half adder since, from a formal point of view, this device requires an AND gate to provide the most significant bit and a XOR gate for the less significant one.
It is important to note that the sum of the 16 matrix elements of A to the one-digit binary number B is performed simultaneously ͓see Figs. 4͑a͒ and 4͑b͔͒ and that to encode matrix A in the o beam, the wave front was modulated in amplitude by a mask containing 64 black-and-white squared pixels ͑ϳ300ϫ300 m 2 ͒. With the following experiment we demonstrate that the apparatus in Fig. 1 still works with ϳ40ϫ40 m 2 squares. Hence the parallel half adder described above could accept a ϳ900-bit matrix as input A. As the object mask O we used a stainless steel mesh, an orthogonal textile made by 40-m-diam wire with 40 ϫ40 m 2 squared openings positioned at 75 mm from the BBO crystal. The wave fronts illuminating both the object and the reference were plane but the smallness of the openings in the mesh ensured that the light passing through each opening was diffracted so as to invade the entire crystal surface. For this reason, in this experiment we removed the diffuser S whose role in the previous experiments was to ensure that light from any point source of O reached the desired part of the BBO crystal cross section. This was a necessary condition to be fulfilled for obtaining SHG holograms such as those in Figs. 2 and 4 . Obviously we made the experiment with input B in high logical state and obtained the SHG holographic image at the expected longitudinal position. The corresponding real image as detected by the CCD camera is shown in Fig. 7͑a͒ with a 4ϫ zoom. As for the CCD images shown in the previous figures, in this figure we display the recorded intensity map on a logarithmic scale. In this case we also show, on the lower part of Fig. 7͑a͒ , the 3D intensity plot ͑linear scale on the z axis͒ relative to the region evidenced by the white dotted line on the map. Moreover, the intensity profiles obtained at selected values of the y coordinate are plotted in Fig. 7͑b͒ as a function of x. All data in the figure show that the SHG holographic image has a spatial resolution largely sufficient to reconstruct the image of the mesh. Note that this measure was performed by using a single laser shot with an average intensity of ϳ10 MW/cm 2 at the BBO crystal surface in either of the two beams.
III. DISCUSSION
The experiments described above show that SHG holography can be used to realize an all-optical half adder capable of performing the sum of multiple single-digit binary numbers ͑matrix A͒ with one single-digit binary number ͑B͒. The bits representing input A are organized in a square matrix (A i j , with i, jϭ1 -N͒ as well as those representing the complement Ā (Ā rs , with r,sϭ1 -N͒. The 0 and 1 values of the bits are encoded as opaque and transparent pixels on a mask ͑object mask O͒ in which both A i j and Ā rs are encoded twice at the positions shown in Fig. 3͑a͒ . The single bit representing input B is similarly encoded on another mask thus containing four pixels ͓see Fig. 3͑b͔͒ . With reference to the optical layout of the setup sketched in Fig. 1 , inserting the latter mask into the reference beam r amounts to stopping the propagation of half the reference wave front. This means to blank one half of the BBO cross section ͑either at the left-or right-hand side depending on the value of B͒. Thus SHCC of the field modulated by the object mask O with the reference field actually takes place only in a half crystal cross section. For the frequency-doubled light to reconstruct a SHG hologram, each point in this crystal section must receive light at from all points of the object mask. When we used the stainless steel mesh to mimic squared pixels with ϳ40 m sides, this condition was achieved by means of diffraction instead of by using a diffuser. The optical resolution of the SHG holographic image of the mesh in Fig. 7͑a͒ is not far from the ultimate resolution allowed by our optical system. In fact, since the effective aperture is determined by the BBO cross section ͑7ϫ7 mm 2 ͒, when the system is operated as half adder the diffraction-limited angular resolution at should be in practice that of an aperture of diameter ϳ3.5 mm, that is ϳ0.3 mrad. At 75 mm from the BBO crystal, where the mesh illuminated at was positioned, this corresponds to a resolving power of ϳ44 lines/mm ͑i.e., 1 mm/ 22.5 m͒, which is less than twice the spatial frequency of our mesh. A spatial resolution equal to twice the diffractionlimited resolution is a typical figure for SHG holographic images as we verified by directly measuring the SHG hologram of a point-like source. 12, 15 Moreover, such a resolution was qualitatively confirmed in the experiments we performed on a number of both 2D and 3D objects, 13, 14 although the objects were necessarily illuminated through the diffuser S.
We safely assess that the half adder based on SHG holograms can operate with an object mask whose pixels are as small as twice the resolution of the system. An increase in the density of the encoded data as well as an increase in the dimension of the object mask would be beneficial to the degree of parallelism of the half adder. Both aspects however depend on the availability of thin second-order nonlinear crystals with larger cross section. To discuss this point we must give some detail on the process of image reconstruction by SHG holograms.
The object field, which is frequency upconverted ͑doubled͒ upon mixing with the reference field, arrives at any point of the crystal with imprinted a memory of the entire object. In fact it propagates along all directions joining one crystal point to all points of the object and accumulates a phase delay dependent on the path length traveled along each direction. This field is then characterized by a set of wave vectors k O () filling the solid angle under which the object is seen from the considered crystal point. Since we adopted a plane wave at as the reference field a single k R () wave vector impinges onto the crystal at every point. If the crystal is able to generate the SHCC for all mutual directions of the wave vectors k O () to the wave vector k R () and in perfect phase matching, the generated field wave fronts reconstruct the object image. 12, 15 The better these conditions are fulfilled, the higher the optical quality of the SHG holographic image. In other words, with reference to Fig. 1 , it is the frequency-doubled field, characterized inside the crystal by the wave vectors k(2)ϭk O () ϩk R () in every direction, that provides the holographic virtual image OЈ. Suitable dispersion characteristics and relatively high SH efficiency are the critical parameters of the nonlinear material.
Due to crystal dispersion, it is obvious that for each orientation of k R () relative to the crystal only a single k O () fully meets the phase matching requirement. All other k O ()s experience a phase mismatch whose maximum is linked to both the object transverse dimension and the crystal dispersion. From this point of view, BBO is very convenient as the nonlinear material. Since the phase-mismatched generated field at 2 brings about distortions in the reconstructed wave front, a breakthrough is to keep the thickness of the nonlinear crystal the smallest compatible with the desired brightness of the SHG image. For a given material, the bigger the solid angle covered by the k O () wave vectors ͑i.e., the wider the object as well as the crystal cross section͒ the thinner must be the crystal and the higher must be its SH efficiency.
To be very safe on this aspect we started our experiments on SGH holography by using a BBO crystal of 5ϫ5 mm 2 aperture and 0.3 mm thickness; [12] [13] [14] [15] in some of our works 18, 19 including te present one, we increased both aperture and thickness ͑7ϫ7 mm 2 , 0.6 mm͒ and we did not observe detriment in either spatial resolution or detectability of the SHG holographic images. Since an irradiation intensity of only 10 MW/cm 2 is required to obtain highly resolved and easily detectable holograms of 40ϫ40 m 2 pixels with our apparatus ͓Fig. 7͑a͔͒, a Nd laser emitting say 1 J in 10 ns pulses in the TEM 00 mode should allow us to illuminate an object mask of 10 cm 2 area. Such a mask could contain 625 000 pixels and hence encode inputs A of more than 156 000 bits ͑Ӎ625 000/4͒. Note that with a BBO crystal with cross-sectional area similar to that of this mask the half adder would execute the same of all bits to the one-digit input B in parallel.
A very important advantage of SHG holograms is that their ''recording and reconstruction'' is a single event, taking place during the time of interaction of the object and reference pulses within the crystal. As mentioned above, the nonlinear material, the geometry of the SHCC interaction, and the type of phase matching ͑type I, with both object and reference waves ordinarily polarized, and extraordinary SH wave͒ chosen in this work are those for which SHG holography has an extremely broad bandwidth. 16, 17 Our choice of laser source for making the experiments described here is less suitable to demonstrate that. Moreover it emits pulses with very poor temporal coherence, a property that makes this laser also unsuitable for recording classical holograms of somehow extended objects. In the process that leads to the formation of a SHG hologram, however, a short coherence length in the object-illuminating field and in the reference field is by far less detrimental. [12] [13] [14] [15] This fact is a consequence of the lack of permanent storing of the interference of o and r wave fields in the material that generates the holographic image. In normal holography random phase jumps between the two fields prevent the formation and recording of stable interference patterns in the light-sensitive medium. In the case of SHG holography their main effect is on the instantaneous efficiency with which the two fields couple to generate the frequency-doubled field. Such amplitude fluctuations virtually do not affect the shape of the wave front at 2 that reconstructs the holographic image. [9] [10] [11] [12] 15 The low, if not any, requirement of temporal coherence on the illuminating light is relevant when choosing the technique to imprint the amplitude modulation on the wave fronts that bring the optical inputs to the BBO crystal. In fact, if the o and r wave fields ought to originate from a single beam by means of a beamsplitter to keep a mutual temporal-phase relation, only a spatial phase modulator could accomplish the encoding task. Good candidates for the role of object masks O seem to be the last-generation liquidcrystal modulators as well as multiquantum-well modulators 20 ͑note that in our experiments the encoding of input B is trivial͒. On the contrary, if the object-illuminating field and the r field need not be linked to each other in temporal phase, they could be generated by two different sources. 15 For instance, the input A bit map could be constructed by using arrays of vertical-cavity surface-emitting lasers while a diode laser at the same frequency could provide input B. 20, 21 The technologies under development for free-space optical interconnections will most likely produce devices also useful to implement a compact half adder based on SHG holograms.
The last point to be discussed concerns the fact that the optical outputs of the gates we realized are not at the same frequency as the inputs, which means that our gates and half adder do not provide the feedback ͑for this reason we judged it unimportant to fully implement the half adder by superimposing the two lower holograms͒. This drawback can now be solved. We recently demonstrated, both formally and experimentally, that the same three-wave interaction we used for SHG holograms can also produce holograms at . 19, 22 If the object field at interacts in a medium with second-order nonlinearity with a reference field at 2, the differencefrequency field generated in phase matching constitutes a wave at , which is conjugated to the initial object wave. The wave vector of the conjugated wave is equal to the difference wave vector k R (2)Ϫk O (). 22 It is evident that wave fronts of phase conjugated fields reconstruct identical objects, in our case at the same distance from the nonlinear crystal, with the only difference between them that relieves in one become depths in the other. This fact is obviously not relevant for a flat object as well as for a point-like object. Since the holographic object image is reconstructed by the wave front of the conjugated field generated at the difference frequency we call it DFG hologram. Moreover, DFH holograms reconstruct real images.
